Abstract. In this article the pseudo-amenability and pseudo-contractibility of restricted semigroup algebra l 1 r (S) and semigroup algebra, l 1 (Sr) on restricted semigroup, Sr are investigated for different classes of inverse semigroups such as Brandt semigroup, and Clifford semigroup. We particularly show the equivalence between pseudo-amenability and character amenability of restricted semigroup algebra on a Clifford semigroup and semigroup algebra on a restricted semigroup. Moreover, we show that when S = M 0 (G, I) is a Brandt semigroup, pseudo-amenability of l 1 (Sr) is equivalent to its pseudocontractibility.
Introduction
The notions of pseudo-amenability and pseudo-contractibility in Banach algebra which were introduced in [9] , have been studied for different classes of semigroups. The notable ones among these are the research work in [7] , [8] and [19] . The authors in [7] particularly showed that for a Brandt semigroup S = M 0 (G, I), the semigroup algebra l 1 (S) is pseudo-contractible if and only G and I are finite. Recently, the notions of module pseudo-amenability and module pseudo-contractibility in Banach algebras were introduced in [2] , where necessary and sufficient conditions were particularly obtained for the semigroup algebra l 1 (S) and its dual to be l 1 (E)-module pseudo-amenable for every inverse semigroup S with subsemigroup E of idempotent.
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The concept of restricted representation for an inverse semigroup S was introduced in [11] and the restricted forms of some important Banach algebras on S were studied by the same author.
In [14] , the amenability of restricted semigroup algebras was studied where it was shown that for an inverse semigroup S, l 1 r (S) is amenable if and only if l 1 (S) is amenable. The authors in [13] continued further study on restricted semigroups by investigating character amenability of restricted semigroup algebras and show that for an inverse semigroup S, the restricted semigroup algebra l 1 r (S) is character amenable if and only if l 1 (S r ) is character amenable and that for the same inverse semigroup, the semigroup algebra l 1 (S r ) on restricted semigroup S r is character amenable if and only if l 1 (S) is character amenable. In this paper, S is a discrete semigroup and l 1 (S) is a discrete semigroup algebra. We show the pseudo-amenability and pseudo-contractibility of restricted semigroup algebra l 1 r (S) and semigroup algebra l 1 (S r ) on restricted semigroup S r .
Preliminaries and definitions
In this section, we recall some standard notations and define some basic concepts that are relevant to this study.
Let A be a Banach algebra.
for all a ∈ A.
The limit is being taken in (X, · ), i.e. D(a) = lim α δ α (a), where (δ xα ) is a net of inner derivations. The Banach algebra A is approximately amenable if for each Banach A-bimodule X, every continuous derivation D : A → X is approximately inner.
Let A be a Banach algebra, a character on A is a homomorphism ϕ : A → C. A character ϕ is a non-zero linear functional on A such that 
Let A be a Banach algebra and let I be a non-empty set. We denote by M I (A), the set of I × I matrices (a ij ) with entries in A such that
see [16] . Then M I (A) with the usual matrix multiplication is a Banach algebra that belongs to the class of l 1 -Munn algebras ( [15] ). It is an easy verification that the map θ :
is an isometric isomorphism of Banach algebras, where (E ij ) are the matrix units in M I (C). Let {A α : α ∈ I} be a collection of Banach algebras. Then the l 1 -direct sum of A α is denoted by l 1 − ⊕{A α : α ∈ I}, which is a Banach algebra with componentwise operations.
A non empty set S with an associative binary operation denoted by
is called a semigroup. For example, (N, +), (Z, +) and
are semigroups.
The following definitions are recalled from [12] . Let S be a semigroup. An inverse semigroup S is called a Clifford semigroup if ss
idempotents of S is denoted by E(S). (viii) S is called a semilattice if it commutes and E(S) = S.
Let S be a Clifford semigroup and let s ∈ S. Then s ∈ G ss −1 and hence S is a disjoint union of the groups
Let S be a non-empty set. Then
with the norm · 1 given by f 1 = s∈S |f (s)| for f ∈ l 1 (S). We write δ s for the characteristic function of {s} when s ∈ S. Now suppose that S is a semigroup. For f, g ∈ l 1 (S) we set
It is standard that (l 1 (S), * ) is a Banach algebra, called the semigroup algebra on S. Elements of l 1 (S) are of the form f = s∈S α s δ s and the dual space of l 1 (S) with the duality
Notice that l 1 (S) is commutative if and only if S is abelian and l
, then f = 0 on S except at most on a countable subset of S. In other words, the set D = {s ∈ S : f (s) = 0} is at most countable since if
There is always one character in the Banach algebra l 1 (S), this is the augmentation character. Let T be a subsemigroup of a semigroup S. Then
See [4, Chapter 4] for details about this algebra.
General results
In this section, we prove some general results which are useful in establishing our main results on restricted semigroup algebras.
For a semigroup S, l 1 (S) ⊗l 1 (S) is isometrically isomorphic to l 1 (S × S), and so, we identify (l 1 (S) ⊗l 1 (S)) with l 1 (S × S) . We define the bimodule operations under this identification as follows. Let M ∈ (l ∞ (S × S)) and s ∈ S, then for all
Pseudo-amenability and pseudo-contractibility of restricted semigroup algebra
where
Clearly, l 1 (S) is a Banach l 1 (S)-bimodule. In the case where S is a semilattice, l 1 (S) is a commutative l 1 (S)-module. The dual module action of s ∈ S on the dual space l
With this module action, it follows that a continuous linear map D :
S) is a derivation if and only if r, D(st) = tr, D(s) + rs, D(t) , r, s, t ∈ S and D is inner if and only if there exists
For a Banach algebra A, we recall from [18] 
is an induced product map and e α is the bounded approximate identity in l 1 (S). Clearly, Φ is a bounded Banach l 1 (S) morphism and Proof. It is a well-known result that
⊗A is pseudoamenable. Hence, it suffices to say that A is pseudo-amenable.
Conversely, if A is pseudo-amenable, then M J (A) is clearly pseudo-amenable by the same result as in [9] .
Proposition 3.4 Let S be an inverse semigroup with E(S) finite. Then l 1 (S) is pseudo-amenable if and only if l 1 (E(S)) is pseudo-amenable.
Proof. Let T : S → E(S) be defined by T s = ss * . Then T extends to a norm decreasing linear map T :
For each m α ∈ l 1 (S × S) we have (2) we have m α δ e − δ e m α < , which implies that m α δ e − δ e m α → 0. This shows that m α is an approximate diagonal for l 1 (E(S)). Now let π : l 1 (S ×S) → l 1 (S) be an induced product map. We consider the composition map T •π : l 1 (S×S) → l 1 (E(S)). Then for every δ s ∈ l 1 (S), we have
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Combining (1) and (3) gives
so that πm α δ e − δ e → 0. This clearly shows that l 1 (E(S)) is pseudo-amenable. The converse is clear.
Proposition 3.5 Let S be an inverse semigroup. Then l 1 (S) is pseudo-amenable if and only if S is finite.
Proof. Suppose that S is finite, then it is amenable [5] . Let G be a maximal group homomorphic image of S, then by [5 (ii) it is pseudo-contractible.
Proof. Let ρ : l 1 (S) → l ∞ (S × S) be an algebra homomorphism. Since l 1 (S) is biflat, then there exists a canonical embedding map k l 1 (S) :
If (4) and (5),
is a diagonal element for l 1 (S), then πM ∈ l 1 (S) and hence ρπM = ρ(δ s ) = πM = (δ s ). Now for each δ s ∈ l 1 (S) we have πM δ s = δ s . We can therefore conclude that M is a central approximate diagonal for l 1 (S) as M δ s = δ s M . 
Results on restricted semigroup algebras
In this section we shall consider the pseudo-amenability properties of the restricted semigroup l 1 r (S) and that of the semigroup algebra on restricted semigroup S r . For details on restricted semigroups and restricted semigroup algebra, see [11] and [14] .
For any inverse semigroup S, the restricted product of elements s and t of S is st if s * s = tt * and undefined otherwise. The set S with this restricted product • forms a discrete groupoid [10, 3.1.4] . Adjoining a zero element 0, to this groupoid and putting 0 * = 0 gives an inverse semigroup S r [10, 3.3.3] with the multiplication rule
for s, t ∈ S ∪ {0}, which is called in [11] , the restricted semigroup of S.
It is clear that E(S r ) = E(S) ∪ {0}. Suppose S is a * -semigroup, given a Banach space l 1 (S) with the usual l 1 -norm, we setf (x) = f (x) and define the following multiplication on l 1 (S),
Then (l 1 (S), •), with the l 1 -norm is a Banach * -algebra denoted by l 1 r (S), called the restricted semigroup algebra of S. For a restricted semigroup S r of an inverse semigroup S the set l 1 (S r ) is called the semigroup algebra on the restricted semigroup S r .
Pseudo-amenability of restricted semigroup algebras
In this section, we give some results about pseudo-amenable restricted semigroup algebras and a pseudo-amenable semigroup algebra on a restricted semigroup S r . Proof. Suppose S r has finitely many idempotents, then l 1 (S r ) has a bounded approximate identity, [14, Theorem 3.6] . Let S = S r be as in [14 
Proof. Equivalence (i)⇔(ii) follows from Proposition 4.3.
To show (ii)⇔(iii) observe that S r = S ∪ {0}. Let S i = G i ∪ {0} for i = 1, 2, . . . , n, then each S i is a Brandt semigroup with the group G i . Thus S r = i=1 S i with S i ∩ S j = S i S j = {0} and so the result follows by applying Theorem 4.1. Example 4.9 Let S r = N ∧ , where m ∧ n = max(m, n) and n * = n for m, n ∈ N with E(S r ) = S r not finite. Hence l 1 (S r ) is not pseudo-amenable. be the chain of S. Clearly S r is finite and so is S, since (S r ) = S ∪ {0}. Thus by Proposition 3.5, l 1 (S) is pseudo-amenable. It then suffice to say that if l 1 (S r ) = l 1 (S ∪ {0}) and l 1 (S) is pseudo-amenable, then l 1 (S r ) is pseudo-amenable.
